Lie groupoids and their associated algebroids arise naturally in the study of the constitutive properties of continuous media. Thus, continuum mechanics and differential geometry illuminate each other in a mutual entanglement of theory and applications. Given any material property, such as the elastic energy or an index of refraction, affected by the state of deformation of the material body, one can automatically associate to it a groupoid. Under conditions of differentiability, this material groupoid is a Lie groupoid. Its associated Lie algebroid plays an important role in the determination of the existence of material defects, such as dislocations. This paper presents a rather intuitive treatment of these ideas.
Introduction
Although not widely used, the notion of a material groupoid is one of the most intuitive ideas in continuum mechanics. Given a material body B and considering some material property, we ask the following question: 'Do two points X , Y ∈ B share this particular material property?' To answer this question, we need to establish a means of comparison. This may consist, for instance, of a local diffeomorphism between the neighbourhoods of X and Y . Moreover, we need to establish a means of evaluating whether or not the comparison has been successful. If it has, we draw an arrow from X to Y . Otherwise, no arrow is drawn. Since 'having the same property' is surely an equivalence relation, every point X ∈ B should be assigned a loop-shaped arrow. Moreover, for every arrow drawn from X to Y , there should also be an arrow drawn from Y to X . Finally, if there is an arrow from X to Y and another arrow from Y to Z, there should also be an arrow from X to Z. The set Z of all these arrows constitutes the material groupoid associated with the chosen material property. The body B is called the base of the groupoid. As a collection of arrows, the groupoid is undoubtedly a concrete geometric realization of the constitutive nature of a material body. For example, if every pair of points is joined by an arrow, the body is uniform with respect to the chosen property. In mathematical terminology, we speak of a transitive groupoid. At the other extreme, if no two points are connected by an arrow (so that the only surviving arrows are the loops), we have a totally intransitive groupoid.
In memoriam honoremque Gaetani Giaquintae praeclarissimi professoris naturalis philosophiae.
Clearly, these rough intuitive notions can be properly formalized; but, for now, let us assume that, in some sense, the arrows depend smoothly on the pairs of points. By this, we mean that (thinking of a transitive groupoid, for definiteness) if X is close to X and Y is close to Y then each arrow from X to Y is also close to some arrow from X to Y and that this dependence of the arrow on the source-target pair is also differentiable, in some sense to be made precise later. We speak then of a Lie groupoid. We can look at the vicinity of a loop and calculate thereat the derivative of the arrow, that is, the linear part of the change in the arrow. In a manner completely and justifiably reminiscent of the passage from a Lie group to its Lie algebra (of 'infinitesimal generators') we obtain a new geometric structure, called the Lie algebroid, associated with the Lie groupoid. The elucidation of the physical meaning of this construct is the main objective of this short paper.
In Section 2, the concept of a groupoid is briefly reviewed as a purely algebraic generalization of the notion of a group. Section 3, by contrast, reviews an equivalent definition more amenable to geometric considerations. The definition of a Lie groupoid is provided within this context. In Section 4, special attention is devoted to transitive groupoids and their relation to principal fibre bundles. In Section 5, an attempt is made to motivate intuitively the notion of the Lie algebroid associated with a Lie groupoid. This idea is strengthened in Sections 6 and 7 by a discussion of coordinate expressions and different ways to organize the information carried by a groupoid. Connections, in general, as horizontal distributions in a fibre bundle and, in particular, connections in principal bundles are reviewed in Section 8 and correlated with vector bundle morphisms from the tangent bundle of the base of a transitive Lie groupoid into the associated Lie algebroid. The next three sections are devoted to showing how all these mathematical notions appear naturally when specifying the constitutive response of a uniform material body, namely, a body that is made of the same material at all its points. Specifically, if the associated groupoid is a transitive Lie groupoid, the classical notion of material connection is elucidated in terms of the corresponding Lie algebroid.
Groups and groupoids
Recall that a group consists of a set G and two operations. The first, called inversion, is a unary operation
The second operation is binary and is called a group multiplication or product. It is usually indicated by apposition of the operands, that is,
These two operations are assumed to enjoy the following properties:
2.
Existence of a unit (or identity) element e.
3.
Inversion consistency. gg
It is not difficult to prove that the group identity is unique and so is the inverse of each group element. Moreover,
and
A group G is commutative or Abelian if gh = hg ∀g, h ∈ G. In a commutative group, it is customary to refer to the group product as a sum or addition and to denote it by +. Moreover, the unit element of a commutative group is usually denoted 0. The inverse of g is represented as −g.
Just like a group, a groupoid is a set Z with two operations, also called inverse and product. There is, however, an essential difference in respect of the product operation, namely, the product in a groupoid is not defined for all pairs of elements of Z. In other words, given two elements x, y ∈ Z, the product xy may or may not exist. The operations must satisfy
2. Inversion.
3. Units or identities.
It can be shown that equations (6) and (7) apply, mutatis mutandis, in the case of groupoids.
An alternative definition
The definition of a groupoid just given is undoubtedly elegant and useful in that it puts the finger exactly on how a groupoid is deficient, with respect to a group, in terms of the non-existence of a legitimately binary product. In a groupoid, indeed, the product is not defined over the whole Cartesian product Z × Z. As a result of this deficiency, we must forgo the existence of a unique identity element and replace it by many such elements in their appropriate contexts, as expressed in equation (10). Although many examples of groupoids can be produced and the stated properties of the operations checked in each case, we are unlikely to emerge from these examples with a more intuitive picture of what a groupoid structure really means. An alternative, equivalent, definition of a groupoid is more amenable to a geometric mental representation [1] . The key idea behind the new definition consists of introducing an auxiliary set M, known as the base of the groupoid Z, on which the groupoid effect is apparent. If we focus our attention on equation (9), which is part of the original definition, we observe that there is a distinguished subset of members of the groupoid, namely, those that can be expressed in the form xx −1 , where x ranges over the whole set Z. 1 We define the base set as
We now define two (surjective) projection maps
called, respectively, the source map and target map of the groupoid. Notice that
Following the terminological lead, we can regard every element z ∈ Z as an arrow directed from its source to its target. It is now a rather straightforward matter to verify that the product yx is well defined if, and only if, β(x) = α(y). Moreover, α(yx) = α(x) and β(yx) = β(y). In short, arrows are composed in a tip-to-tail fashion, as in a child's game. A groupoid can be seen, therefore, as a collection of arrows and counter-arrows between some pairs of points of a set M, where some rules of the game must be satisfied. More rigorously, we define a groupoid Z ⇒ M as a set of arrows (Z) over a set of objects (M), two (projection) surjective maps α :
called, respectively, the source and the target maps, and an operation (composition) defined only for those ordered pairs (y, z)
This operation, indicated by the reverse apposition of the operands, must be associative, that is, (xy)z = x(yz), whenever the products are defined. Moreover, at each point m ∈ M, there exists an identity id m such that z id m = z whenever α(z) = m, and id m z = z whenever β(z) = m. Finally, for each z ∈ Z there exists a (unique) inverse z −1 , such that zz
is called the object inclusion map.
It is this shorter alternative definition that we will bear in mind from now on. A groupoid is transitive if every pair of points is connected by at least one arrow. A groupoid is a Lie groupoid if both Z and M are differentiable manifolds, the projections are submersions, the inclusion map is smooth and so are the operations of composition and inversion.
The set 
where z ∈ Z n m . Thus, in a transitive groupoid, all the vertex groups are mutually conjugate. Any one of them may be regarded as the structure group of the transitive groupoid.
Transitive groupoids and principal bundles
A useful analogy to bear in mind when thinking of the relation between transitive groupoids and principal bundles is the relation between affine and vector spaces. Given an affine space, if we arbitrarily adopt a particular fixed point as reference, the affine space becomes essentially equivalent to a vector space. In this sense, we may say that the affine space of departure can be regarded as an equivalence class of vector spaces. Vice versa, given a vector space, we can regard it as an affine space by associating to any pair of vectors their difference.
In this spirit, let Z ⇒ M be a transitive Lie groupoid and let m ∈ M be an arbitrary point of the base. The disjoint unionZ
deserves further attention. Firstly, we observe that the vertex group G m has a natural right action R onZ m defined by
where on the right-hand side we apply the groupoid composition, with the understanding that g ∈ G m = Z m m ⊂ Z and z ∈Z m ⊂ Z. This action is obviously fibre preserving in the sense that
Moreover, this right action is free. Recall that a group action is free if the condition R g (z) = z for some z implies that g is the group identity. In our case, this property follows directly from the existence of inverses in the original groupoid. These conditions 2 guarantee that the setZ m is a principal bundle with structure group G m and bundle projection β. Had we started from a different point n ∈ M, we would have obtained a different principal bundleZ n , with structure group G n , conjugate to G m . Thus, just as in the case of an affine space and its associated vector spaces, the groupoid can be captured by any of the conjugate principal bundles obtained in the manner described here by an arbitrary choice of 'origin'. The converse passage from a principal bundle to a groupoid is also possible [2] .
The Lie algebroid of a Lie groupoid
From the vantage point of the theory of groupoids, a group G can be regarded as the particular case of a groupoid whose base is a singleton {x}. In this picture, therefore, the group is a collection of loop-shaped arrows starting and ending at x. Let us assume that G is a Lie group, namely, a group that is also a differentiable manifold, where the operations of inversion and composition are smooth. These properties of a Lie group are so strong that, as demonstrated by Lie himself, the whole group can be understood by studying the behaviour of the group elements in a small neighbourhood of the unit element e. This observation can be formalized under the rubric of the Lie algebra associated with the Lie group. The corresponding construction for a Lie groupoid is the Lie algebroid. To anticipate intuitively the similarities and differences between the the Lie algebra of a Lie group and the Lie algebroid of a Lie groupoid, consider, as shown in Figure 1 , that:
1. Whereas a Lie group has a single unit, a Lie groupoid has a unit associated with each and every point of the base manifold. In other words, in a Lie groupoid we have a field of units defined over the base manifold. 2. Therefore, while an element in a first-order vicinity of the group unit is a vector, an element in a first-order vicinity of the field of units is a vector field. 3. When exploring the vicinity of the Lie group unit, we naturally encounter group elements. Geometrically, we may say that these are all loop-shaped arrows obtained by keeping the end points coincident and fixed (since we have just one base point x) and deforming the loop. Conversely, in a Lie groupoid, we can both deform the unit loop at x (thus moving within the local group) and also open it by displacing, say, the tip of the arrow to a nearby point x + dx. This last feature constitutes the crucial difference between the Lie algebra and the Lie algebroid.
From these considerations, one can see that in the Lie algebroid z of a Lie groupoid Z there will be elements within the local Lie algebras ('vertical' elements), namely, those obtained by moving strictly within arrows whose source and target are equal to some x ∈ M. All other elements will be associated to a specific 'opening' of the loop in some direction dx lying in the tangent space of the base manifold M. Clearly, then, the Lie algebroid (which is, obviously, a vector bundle over M), projects naturally over the tangent bundle TM. In other words, there exists a natural map ρ : z → TM called the anchor map of the Lie algebroid. When the Lie groupoid is transitive, this map is surjective. Moreover, if the typical symmetry group of the transitive groupoid is trivial, the anchor map is also one-to-one. Notice that what we called vertical elements of the algebroid are precisely those that are anchored to the zero vectors of TM.
Somewhat more technically, the Lie algebroid z of the transitive Lie groupoid Z ⇒ M is a vector bundle z = AZ over M consisting of the disjoint union of the tangent spaces to the α fibres at the respective identities, namely,
Each of these tangent spaces consists of the vectors intuitively described on the right side of Figure 1 . Properly speaking, the elements of the algebroid consist of sections of this vector bundle. The Lie bracket of the algebroid is the restriction of the ordinary bracket of sections of TZ.
Coordinate expressions
Although not strictly necessary, the manifestation of geometrical structures in terms of their expression in coordinate charts is often useful, not only to perform actual calculations but also to reveal the close relation between apparently disparate constructs. Let us start by considering the disjoint union Z M of all the α-fibres of a transitive Lie groupoid Z, that is,
This set, which we call the α-bundle, can be regarded as a fibre bundle over the base manifold M with projection α. In terms of arrows, Z M looks like a spider colony, each fibre Z x being a spider with legs issuing from x and pointing to some point y ∈ M, as shown schematically in Figure 2 . Notice that the total set of this fibre bundle is the same as the total set of the original transitive groupoid Z. They both consist of the set of all arrows. Let a coordinate patch be given in M with coordinates x i , (i = 1, . . . , dim M). Let the structure group of Z be a Lie group G and let λ ξ (ξ = 1, . . . , dim G) be coordinates within this group, such that λ ξ = 0 corresponds to the group identity. Then, an element of the bundle Z M (that is, a spider leg) is obtained by specifying a triple {(x 1 , . . . ), (λ 1 , . . . ), (y 1 , . . . )}. Clearly, the end point of the arrow (with coordinates y i ) may fall without the coordinate patch, unless the base manifold is trivial and has been covered with a single chart. This point is irrelevant for our construction, since we are going to be concerned with tangent vectors only. Indeed, an element in the tangent space to a fibre at the identity arrow, that is an element of T id x Z x , is a vector of the form
with some obvious notational abuse. Notice that the anchor map ρ assigns to it the vector
Each of the fibres of Z M (that is, each spider) is, in fact, a manifold of dimension dim G +dim M. Moreover, this bundle has a canonical global section, which is essentially the object inclusion map (equation (17)). The vector bundle AZ → M is schematically depicted in Figure 3 as a very particular subbundle of the tangent bundle TZ M , by selecting out of each fibre ('spider') of Z M the tangent plane (to the fibre) at the identity.
Topological considerations
We have introduced several essentially equivalent topological (and differentiable) constructs. They differ mainly in the way they organize the information. Our purpose now is to suggest that there exist certain natural homeomorphisms (and diffeomorphisms) between appropriately chosen neighbourhoods in a transitive Lie groupoid Z, any one of its associated principal bundlesZ m and the spider bundle Z M . Recall that the elements of the principal bundle are arrows issuing from a single reference point m ∈ M. These arrows are divided into fibres (equivalence classes) according to the value of the terminal point. In other words, two elements z 1 and z 2 are in the same fibre if, and only if, β(z 1 ) = β(z 2 ). The structure group G m acts on the right on the whole bundle. The elements in the spider bundle (which is not a principal bundle), conversely, comprise all the arrows of the original groupoid, but are organized into fibres according to the commonality of the α-projection. The fibre over m consists of the same arrows that are found in the totality of the principal bundleZ m . We may say that the groupoid has been reorganized in such a way that each fibre contains exactly the arrows that make up one of the equivalent principal bundles! Each principal bundle has metamorphosed into a spider. Thus, it is not unreasonable to expect that there exists a natural continuous bijection between neighbourhoods inZ m and respective neighbourhoods in the corresponding fibres of the spider bundle. The continuity is established within the bundle topology ofZ m and the subset topology induced in the spider fibres by the spider bundle topology. These natural homeomorphisms are, in fact, diffeomorphisms.
Let x be a point in M, and consider an open neighbourhood U x ⊂ α −1 (x) of id x ∈ α −1 (x) within the fibre with the subset topology. Let z ∈Z m be a point in an associated principal bundle (i.e. an arrow issuing from m ∈ M) such that β(z) = x. Define the set
A subtle point here is that the product zu is defined only in the original groupoid Z and that, once this product is calculated, we obtain an arrow v issuing from m and, therefore, a legitimate element of the associated bundlẽ Z m . The set V z is an open set containing z and, therefore, a legitimate bundle neighbourhood of z. The map U x → V z just constructed is also one-to-one and onto and, consequently, a bijection. Having been established without the use of coordinates, this bijection is canonical. Moreover, letẑ ∈ β −1 (x) be another element in the same fibre ofZ m . Since the right action of G m onZ m is free (and transitive on fibres), there is a unique g ∈ G m , such thatẑ = zg.
Then
In other words, the canonical neighbourhoods on points on the same fibre of the associated principal bundle are obtained by right translation with an element of the structure group. Put differently, a collection of fibre-wise neighbourhoods of the identities in the α-bundle of a given transitive topological groupoid Z uniquely (and canonically) determines an open cover of the associated principal groupoidZ m .
Connections
A connection in a fibre bundle π : C → M is a smooth horizontal distribution in C. To make this definition more precise, for each c ∈ C let V c denote the tangent space at c to the fibre π −1 {π(c)}. A connection is a smooth assignment, at each point c ∈ C, of a subspace H c of the tangent space T c C, such that 
is an isomorphism of vector spaces. Its inverse
will be called the Christoffel map at c. Clearly, a horizontal distribution is equivalent to the specification of a smooth family of Christoffel maps. In a local coordinate system of the fibre bundle {(x 1 , . . . ), (λ 1 , . . . )}, the Christoffel maps are determined by (rectangular) matrices with entries
. These entries are known as the Christoffel symbols of the connection. Specifically, for a vector v ∈ T π (c) M with components v i , the image at c by the Christoffel map is given by
A principal bundle connection is a connection in a principal bundle whose horizontal spaces are invariant under the structure group right action, namely,
This invariance condition has an important repercussion on the variation of the Christoffel maps along a fibre. Without the need to write it explicitly, it is clear that for a principal bundle connection it is sufficient to know the Christoffel map at one point of a fibre in order to determine (by right translation) the Christoffel map at all other points of that fibre. Suppose that a transitive Lie groupoid Z is at hand and that the corresponding Lie algebroid z = AZ has been constructed. Suppose, moreover, that a vector bundle morphism
has been given, satisfying the condition
where ρ is the anchor map of the Lie algebroid. In the coordinate system used in equation (24), the vector bundle morphism γ can be written as
where
are functions defined on the base manifold. If we now consider the principal bundleZ m defined in Section 4 and, if we make use of the canonical diffeomorphisms introduced in Section 7, it is clear that we obtain a group-invariant horizontal distribution, that is, a legitimate principal bundle connection onZ m . Thus, there is a one-to-one correspondence between vector bundle morphisms from the tangent bundle of the base into the Lie algebroid and principal bundle connections in any one of the associated principal bundlesZ m .
Material groupoids
Two points, X and Y , of a simple material body B are materially isomorphic [3] if there exists a linear isomorphism P XY between the corresponding tangent spaces, that is,
that brings their constitutive responses into coincidence. What is meant by 'into coincidence' depends on the context. For example, in the case of a simple elastic body with constitutive equation
where T is the Cauchy stress and F is the deformation gradient, the condition may read
Every point X is trivially materially isomorphic to itself via the identity transformation I, but there may exist additional, non-trivial, material automorphisms. These are none other than the material symmetries of the constitutive law at X , which form the material symmetry group G X at X . If X and Y are materially isomorphic, their symmetry groups are necessarily conjugate. Specifically, if P XY is a material isomorphism, then
( 4 1 ) Conversely, the degree of freedom in the choice of material isomorphisms between two materially isomorphic points is precisely the symmetry group, according to
where P XY denotes the collection of all possible material isomorphisms between X and Y .
Assigning an arrow to each material isomorphism between points of B, we obtain the material groupoid Z of B relative to the given constitutive law [4] . We have already painted this picture informally in Section 1. The only difference now is that, because of the possible non-triviality of the symmetry groups, there may be many arrows between two points. The (never empty) collection of all the loop-shaped arrows at a point X is the geometrical representation of the symmetry group at X .
If the material groupoid is transitive, the body is said to be materially uniform. Since in a transitive groupoid all the local symmetry groups are conjugate, we can speak of a typical symmetry group G of the groupoid. In everyday language, a body is materially uniform if all its points are made of the same material. The acid test for this condition is that a small neighbourhood of every point can be conceived as a perfect graft of some standard piece of material, with symmetry group G, which we may call the material archetype. The material isomorphism represents what one has to do to this standard piece (rotation, deformation) before inserting it in place.
Since the body B is assumed to be a differentiable manifold, it is possible to consider the case in which the body is smoothly materially uniform in the sense that the material isomorphisms can be chosen as smoothly varying over each neighbourhood. In that case, we speak of a Lie groupoid, whereby the base and the total set of arrows are differentiable manifolds, the projections are smooth surjective submersions and the groupoid operations are smooth in their arguments. Let B be a smoothly materially uniform body with Lie groupoid Z. Adopting a reference configuration (and using a system of Cartesian coordinates X I ), the material isomorphisms boil down to matrices. Smoothness implies that in any given neighbourhood these matrices can be chosen, within the degree of freedom afforded by the symmetry groups, so that their entries depend smoothly on position. If P(X ) represents a material isomorphism from the archetype to X ∈ B, the entries of the corresponding matrix are some (locally) smooth functions P I α (X 1 , X 2 , X 3 ). The Greek subscripts (α = 1, 2, 3) refer to components in a fixed Cartesian basis in the archetype.
Material G-structures
The material groupoid of a body B as defined in the previous section is always a subgroupoid of the general Lie groupoid GL(B) of B consisting of all the linear isomorphisms between the tangent spaces of all pairs of points of B. According to the construction explained in Section 4, any of the principal bundles associated with GL(B) is nothing but the principal frame bundle FB, whose structure group is the general linear group GL(3; R). Consequently, a principal bundle associated with a transitive Lie subgroupoid of GL(B) is a principal subbundle of FB with a structure group G ⊂ GL(3; R). In other words, a principal bundle associated with a transitive material Lie groupoid is precisely a G-structure [5] , which we call a material G-structure [6] .
A principal bundle connection in a material G-structure is called a material connection [3, 7] . The Christoffel symbols of a material connection can be expressed in terms of the matrices conveying the material isomorphisms as
If the structure (symmetry) group is discrete, the material connection is unique. For the case of a continuous group, the material connection is not unique. The problem of local material homogeneity can be boiled down to answering the question as to whether a torsion-free material connection exists within the given material Gstructure; hence, the importance of material connections in applications to theories of continuous distributions of defects in materials. According to the treatment of Section 8, we should find all the information needed about material connections in the Lie algebroid associated with the material Lie groupoid.
The material Lie algebroid
For the sake of gathering a sort of physical picture, let us consider the case of a uniform body with a trivial symmetry group. Under this condition, the pointwise Lie algebra vanishes identically so that we can focus our attention on the material algebroid proper. Clearly, in the arrow picture, we have a single arrow (material isomorphism) for every ordered pair (X , Y ) of material points. Let P I J (X , Y ) denote the matrix components of this material isomorphism in a global Cartesian coordinate system in some reference configuration of the body. Adopting an archetypal point, this field of matrices can be expressed by the composition
Since we want to explore the vicinity of the identities, we leave the first argument X (the tail of the arrows) fixed while we take derivatives with respect to the second argument Y (the tip of the arrows) and we evaluate the derivatives as Y → X . In this way, we obtain, at each point X , the partial derivatives
which can be recognized as (minus) the Christoffel symbols of the (unique, in this case) material connection. Since this procedure mimics what one does to obtain a basis of the Lie algebra associated with a Lie group, we can conjecture intuitively that: The material connections of a uniform body (together with a basis for the local Lie algebras) constitute a sort of 'natural basis' for the material Lie algebroid. In this rather intuitive way, we have come full circle to show that, just as the natural concept of material groupoid encompasses all possible material G-structures, so too the concept of material Lie algebroid encompasses and generalizes the concept of material connection. From this perspective, we may say that, just as the Lie algebra of the material symmetry group expresses infinitesimal material symmetries at a point, so too the Lie algebroid of the material Lie groupoid encapsulates the idea of infinitesimal symmetries between different points.
Conclusion
Without claiming to have introduced any novel mathematical or mechanical ideas, our objective in this article has been to provide a conceptual framework for a rigorous undertaking of the study of the geometrical underpinnings and implications of the constructs arising from the specification of the constitutive response of a material body. As pointed out in the introduction, the concept of material groupoid as a set of arrows joining points that share a material property is utterly intuitive. So, too, is the concept of material Lie algebroid, once we posit the smooth dependence of these arrows with respect to position within the body. The technical details may look daunting, but the physical and geometrical picture are crystal clear and speak for themselves.
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